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Joshua H. R a b i n o w i t z spaces. Moreover, this notion extended to linear fiber spaces and thus, by duality, implied the first positivity notion for coherent sheaves. More recent work has centered on coherent sheaves and linear fiber spaces ( [7] , [3] , [72] , [73] , [74] ) although there do remain some open questions in the locally-free case.
The object of this paper is to study the various existing positivity notions in the simplest of all cases, line bundles over compact Riemann surfaces. Here the various definitions are, for the most part, equivalent.
However, proving these equivalences does require some relatively highpowered machinery. More specifically, use is made of the Serre Duality Theorem, the Riemann-Roch Theorem, results from Kahler geometry, and Remmert's holomorphic reduction theory. Thus, even this simple case provides a serious introduction to the notions and methods of the study of positivity.
We shall give four different definitions for positivity and prove that they are all equivalent. A general outline of the notions and the methods employed in proving equivalence is given in the following diagram (of. In §1, we recall some basic facts about line bundles over compact Riemann surfaces. The primary reference here is [5] . In §2, we prove the equivalence of cohomological and numerical positivity and that positivity implies cohomological positivity. Then, in §3, we recall some basic properties of compact Kahler manifolds and proceed to show that numerical positivity implies positivity. §1+ is devoted to a discussion of ampleness and its relation to positivity. Finally, in §5, we consider Grauert's notion of weak positivity.
1.
Let M be a compact Riemann surface and 8 the sheaf of holomorphic functions on M . Let 9* be the sheaf of nowhere vanishing holomorphic functions on M . Then (see [5] ), H (M, 9*) is the group of equivalence Consider the commutative diagram (with exact rows) of sheaves over
where Z is the constant sheaf of integers and C the sheaf of I 1 we have used the explicit isomorphism given by integration of forms.
Proof of proposition. The proof is a simple diagram chase; see [5] for details.
Let / = {f } be a global meromorphic cross-section of £ and let 
Proof. The order of a holomorphic cross-section is non-negative.
2.
We have seen that for £ € IT(M, 9*) , e(£) = 1 1 -^-0 where 0 is Line bundles over Riemann surfaces II example [4] ) is stronger in that n is allowed to be any coherent sheaf and weaker in that m is allowed to depend on r\ itself rather than its Chern class (even when n is invertible). The two notions are equivalent.
THEOREM. Let M be a compact Riemann surface and £ € IT(M, 9*) .
Then £ is cohomologically positive if and only if £ is numerically positive.
COROLLARY. Positivity implies cohomological positivity.
Proof of theorem. If u is any line bundle over M , then there is a fine resolution of 9(u) :
where fr '''(u) is the sheaf of smooth (p, q)-forms on M with coefficients in u . It follows that for any u , H(M, 9 ( U ) ) = 0 for all k 2 2 . Furthermore, by the Serre Duality Theorem,
where K is the canonical bundle over M . 
3.
We now proceed to show that c(£) > 0 implies that £ is positive.
This, in conjunction with our previous results, will establish the equivalence of positivity, numerical positivity, and cohomological positivity. We shall make use of the fact that every Riemann surface is, Now the term in brackets is easily seen to be positive semidefinite. Since 33 log P is, by assumption, positive definite, it follows that p 33p and hence 33p is positive definite.
Conversely, suppose that
is strongly pseudoconvex. Then log p(£) is a "defining function" for a strongly pseudoconvex domain; it follows (see [6] , p. 262) that 33 log p = 33 log P is positive definite. Choosing n sufficiently small we can arrange that {£ 6 T \ p(£) < n} cc T and defines a disc bundle in L which is strongly pseudoconvex. It follows that the metric whose unit disc bundle is this disc bundle has negative curvature; the theorem is proven. 
